Abstract. We analyze the limit of the p-form Laplacian under a collapse with bounded sectional curvature and bounded diameter. As an application, we give results about upper and lower bounds on the j-th eigenvalue of the p-form Laplacian, in terms of sectional curvature and diameter. We also give a topological criterion for the p-form Laplacian to have small positive eigenvalues.
Introduction
A central problem in geometric analysis is to estimate the spectrum of the Laplacian on a compact Riemannian manifold M in terms of geometric invariants. In the case of the Laplacian on functions, a major result is Cheeger's lower bound on the smallest positive eigenvalue in terms of an isoperimetric constant [12] . The problem of extending his lower bound to the case of the p-form Laplacian was posed in [12] . There has been little progress on this problem. We will address the more general question of estimating the eigenvalues {λ p,j (M)} ∞ j=1 of the p-form Laplacian △ p (counted with multiplicity) in terms of geometric invariants of M.
A basic fact, due to Cheeger and Dodziuk, is that λ p,j (M) depends continuously on the Riemannian metric g T M in the C 0 -topology [23] . Then an immediate consequence of the C α -compactness theorem of Anderson and Cheeger [2] is that for any n ∈ Z + , r ∈ R, and D, i 0 > 0, there are uniform bounds on λ p,j (M) among connected closed n-dimensional Riemannian manifolds M with Ric(M) ≥ r, diam(M) ≤ D and inj(M) > i 0 (compare [11, Theorem 1.3] , [16, Theorem 0.4] .) In particular, there is a uniform positive lower bound on the smallest positive eigenvalue of the p-form Laplacian under these geometric assumptions.
The question, then, is what happens in the collapsing limit when inj(M) → 0. For technical reasons, in this paper we will assume uniform bounds on the Riemannian curvature R M . We will analyze the behavior of the spectrum of △ p under collapse with bounded sectional curvature and bounded diameter. The answer will be in terms of a type of Laplacian on the limit space. We will use these results to give bounds on the j-th eigenvalue of △ p , in terms of sectional curvature and diameter, and to characterize when one has small positive eigenvalues of the p-form Laplacian. where M ranges over connected closed smooth n-dimensional manifolds.
From Hodge theory, dim(Ker(△ p )) = b p (M), the p-th Betti number of M. We will say that M has small positive eigenvalues of the p-form Laplacian if a p,j,K (M) = 0 for some j > b p (M) and K > 0. There are no small positive eigenvalues of the Laplacian on functions on M (see, for example, Corollary 5 of Section 8). Colbois and Courtois gave examples of manifolds with small positive eigenvalues of the p-form Laplacian for p > 0 [16] . Their examples were manifolds M with free isometric T k -actions, which one shrinks in the direction of the T k -orbits. In terms of the fiber bundle M → M/T k , this sort of collapsing is a case of the so-called adiabatic limit. The asymptotic behaviour of the small eigenvalues of the p-form Laplacian in the adiabatic limit were related to the Leray spectral sequence of the fiber bundle in [6, 20, 24, 31] .
In another direction, Fukaya considered the behavior of the Laplacian on functions in the case of a sequence of manifolds which converge in the Gromov-Hausdorff metric d GH to a lower-dimensional limit space X, the collapsing assumed to be with bounded sectional curvature and bounded diameter [25] . He found that in order to get limits, one needs to widen the class of spaces by adding a Borel measure, and consider measured metric spaces. This is the case even if X happens to be a smooth manifold. He defined a Laplacian acting on functions on the measured limit space and proved a convergence theorem for the spectrum of the Laplacian on functions, under the geometric assumption of convergence in the measured Gromov-Hausdorff topology.
We consider the behavior of the spectrum of △ p under collapse with bounded sectional curvature and bounded diameter. We find that we need a somewhat more refined structure on the limit space, namely a superconnection as introduced by Quillen [32] . More precisely, we will need a flat degree-1 superconnection in the sense of [9] . Suppose that B is a smooth connected closed manifold and that E = m j=0 E j is a Z-graded real vector bundle on B. The degree-1 superconnections A ′ that we need will be of the form In particular, A
′
[0] defines a differential complex on the fibers of E. Let g T B be a Riemannian metric on B and let h E be a graded Euclidean inner product on E, meaning that E i is orthogonal to E j if i = j. Then there are an adjoint (A ′ ) * and a Laplacian △ E = A ′ (A ′ ) * + (A ′ ) * A ′ on Ω(B; E). Let △ E p be the restriction of △ E to a+b=p Ω a (B; E b ). Using the C 0 -continuity of the spectrum and the geometric results of Cheeger, Fukaya and Gromov [13] , we can reduce our study of collapsing to certain special fiber bundles. As is recalled in Section 3, an infranilmanifold Z has a canonical flat linear connection ∇ af f . Let Aff(Z) be the group of diffeomorphisms of Z which preserve ∇ af f .
Definition 2. An affine fiber bundle is a smooth fiber bundle M → B whose fiber Z is an infranilmanifold and whose structure group is reduced from Diff(Z) to Aff(Z). A Riemannian affine fiber bundle is an affine fiber bundle along with • A family g T Z of vertical Riemannian metrics which are parallel with respect to the flat affine connections on the fibers Z b and
• A Riemannian metric g T B on B.
Fix a smooth connected closed manifold B. If M → B is an affine fiber bundle, let T H M be a horizontal distribution on M so that the corresponding holonomy on B lies in Aff(Z). Let T ∈ Ω 2 (M; T Z) be the curvature of T H M. There is a Z-graded real vector bundle E on B whose fiber over b ∈ B is isomorphic to the differential forms on the fiber Z b which are parallel with respect to the flat affine connection on Z b . The exterior derivative d M induces a flat degree-1 superconnection A ′ on E. If M → B is in addition a Riemannian affine fiber bundle then we obtain a Riemannian metric g T M on M constructed from g T Z , g T B and T H M. There is an induced L 2 -inner product h E on E. Define △ E as above. Let diam(Z) denote the maximum diameter of the fibers {Z b } b∈B in the intrinsic metric and let Π denote the second fundamental forms of the fibers {Z b } b∈B . Our first result says that the spectrum σ(△ 
When Z is flat, there is some intersection between Theorem 1 and the adiabatic limit results of [6, 20, 24, 31] . However, there is the important difference that we need estimates which are uniform with respect to d GH (M, B), whereas the adiabatic limit results concern the asymptotics of the eigenvalues under the collapse of a given Riemannian fiber bundle coming from a constant rescaling of its fibers.
We apply Theorem 1 to estimate the eigenvalues of a general Riemannian manifold M which is Gromov-Hausdorff close to B, assuming sectional curvature bounds on M. Of course we cannot say precisely what σ(△ M ) is, but we can use Theorem 1 to approximate it to a given precision ǫ > 0. We say that two nonnegative numbers λ 1 and λ 2 are ǫ-close if e −ǫ λ 2 ≤ λ 1 ≤ e ǫ λ 2 . We show that for a given ǫ > 0, if d GH (M, B) is sufficiently small then there is a flat degree-1 superconnection A ′ on B whose Laplacian △ E p has a spectrum which is ǫ-close to that of △ then λ p,j (M) is ǫ-close to λ p,j (B; E).
Using [3] , one can also show that the eigenspaces of △ In the case of the Laplacian on functions, only E 0 is relevant. Although E 0 is a trivial R-bundle on B, its Euclidean inner product h E 0 need not be trivial and corresponds exactly to the measure in Fukaya's work.
In order to apply Theorem 2, we prove a compactness result for the superconnection and Euclidean metric.
Definition 3.
Let S E be the space of degree-1 superconnections on E, let G E be the group of smooth grading-preserving GL(E)-gauge transformations on E and let H E be the space of graded Euclidean inner products on E. We equip S E and H E with the C ∞ -topology. Give (S E × H E )/G E the quotient topology. We remark that there may well be a sequence of topologically distinct Riemannian manifolds of a given dimension, with uniformly bounded sectional curvatures, which converge to B in the Gromov-Hausdorff topology (see Example 3 of Section 2). This contrasts with the finiteness statement in Theorem 3.
Theorem 3. In Theorem 2, we may assume that E is one of a finite number of isomorphism classes of real Z-graded topological vector bundles
The eigenvalues of △ E p are continuous with respect to ( 
So far we have discussed collapses in which the limit space is a smooth Riemannian manifold. A sequence in M(M, K) may converge to a limit space X which is not a manifold and which can be highly singular. However, one knows that X is the quotient of a manifold X by an O(n)-action [27] . If d GH (M, X) is sufficiently small then the frame bundle F M is the total space of an affine fiber bundleŽ → F M →X which is O(n)-equivariant [13, §4] . There is a map r : M → X which comes from quotienting the map F M →X by O(n). It may not be a fibration, as the preimages {r −1 (x)} x∈X may have different homotopy types, but it is a singular fiber bundle. The replacement for Ω * (B) is the space Ω * basic (X) of differential forms onX which are basic with respect to the O(n)-action. The equivariant extension of Theorem 2 gives an O(n)-equivariant Z-graded real vector bundleĚ onX and a basic flat degree-1 superconnectionǍ ′ onĚ. We construct the Laplacian △ E as a Friedrichs' extension on Ω basic (X;Ě). We give an equivalent formulation of △ E as an operator on a certain space Ω(X; E) of differential forms on the singular space X. We prove the analogs of Theorems 2 and 3 when B is replaced by X, which we denote here by Theorems 2 ′ and 3 ′ . IfǍ ′ happens to be a basic flat connection thenĚ has a quotient which is a sheaf E on X. In that case, the cohomology of the complex Ω(X; E) is isomorphic to the sheaf cohomology H * (X; E). Using Theorem 3 ′ and Gromov's convergence theorem (in the O(n)-equivariant setting), we give results about upper and lower bounds on λ p,j in terms of sectional curvature and diameter.
collapses with bounded sectional curvature and bounded diameter to a limit space X satisfying 1 ≤ dim(X) ≤ p − 1. Furthermore, the (possibly singular) affine fiber bundle M → X has a generic fiber Z which does not admit any nonzero affine-parallel k-forms for
Theorem 5.1 also follows from heat kernel estimates ( [4] and references therein). Our proof just uses collapsing arguments. We remark that the Ricci-analog of Theorem 5.1 is false, as the Betti numbers can be arbitrarily large [1, Theorem 0.4]. Theorem 5.3 also follows from [15] .
Another application of Theorem 3 ′ is to characterize manifolds M that have small positive eigenvalues. Consider a flat degree-1 superconnection A ′ on a real Z-graded vector bundle E over a smooth manifold B. As (A ′ ) 2 = 0, there is a cohomology H * (A ′ ) for the action of A ′ on Ω * (B; E * ), the latter having the total grading. There is a flat Z-graded "cohomology" vector bundle H * (A
Furthermore, there is a spectral sequence to compute H * (A ′ ),
Suppose that M is a connected closed manifold such that a p,j,K (M) = 0 with j > b p (M). Consider a sequence of Riemannian metrics
There must be a subsequence of {(M, g i )} ∞ i=1 which converges to a lower-dimensional limit space. That is, we are in the collapsing situation. Suppose first that the limit space is a smooth Riemannian manifold B. From Theorems 2 and 3, we can take a further subse-
to obtain a single vector bundle E on B, equipped with a sequence A
of superconnections and Euclidean inner products. Using the compactness result in Theorem 3, we can take a convergent subsequence of these pairs, modulo gauge transformations, to obtain a superconnection
It is no longer true that H * (A ′ ) ∼ = H * (M; R) for this limit superconnection. However, we can analyze H * (A ′ ) using the spectral sequence. In the case of a general limit space X, there is a spectral sequence to compute H * (M; R) from the map r : M → X [10, p. 179], with E 2 -term H * (X; H * (Z; R)). Here H * (Z; R) is a sheaf on X whose stalk over x ∈ X is H * (r −1 (x); R). We will sometimes say that a manifold is flat if it admits a flat Riemannian metric. Working in the O(n)-equivariant setting, we prove the following characterization of manifolds M with small positive eigenvalues of the p-form Laplacian. In either case, if A ′ is the limit superconnection constructed above then
Each of the two cases in Theorem 6 can occur; see Section 2.
The applicability of Theorem 6 depends on how well one can analyze the spectral sequence to compute H * (A ′ ). The first case in which we can make some precise statements is that of small positive eigenvalues of the 1-form Laplacian. There is a flat vector bundle
onX, and a sheaf
on X which assigns to an open set U ⊂ X the O(n)-invariant covariantly-constant sections of
on the preimage of U inX.
The generic fiber Z of the map M → X is almost flat but not flat and the sheaf
on X has a nonzero global section.
can be considered to be a type of Euler class; in the case of an oriented circle bundle over a smooth base, it gives exactly the Euler class. In the case of a smooth base B, if case 2. of Corollary 1 applies then we show that there is another affine fiber bundle
is nonzero, along with a surjection Z → M ′ such that the whole setup is Aff(Z)-equivariant. We can summarize the situation by saying that there is only one mechanism to produce small positive eigenvalues for the 1-form Laplacian, namely that the differential d 2 is nonzero, but that this mechanism can occur either for the affine fiber bundle M → B or within the fiber Z. In the latter case, it occurs in a covariantly-constant way with respect to the Aff(Z)-connection on the affine fiber bundle M → B.
We can also effectively analyze the spectral sequence to compute H 
In this case, a p,j, 
Finally, we give a converse to Theorem 6, at least when the base is smooth. 
be the lower central series of the Lie algebra n. Let c(n) be the center of n. For 0 ≤ k ≤ S, put
Then there is some
The structure of the paper is as follows. In Section 2 we give examples of collapsing which show that the superconnection formalism is necessary. Section 3 is concerned with a detailed analysis of the spectrum of the differential form Laplacian on an infranilmanifold Z. We also prove that the orthogonal projection onto the parallel forms of Z is independent of the choice of parallel Riemannian metric. This fact is crucial for the analysis of affine fiber bundles in Section 4, where we prove Theorem 1. In Section 5 we consider manifolds M which are Gromov-Hausdorff close to a smooth manifold B and prove Theorems 2, 3 and 4. Section 6 deals with the construction of the Laplacian associated to a flat degree-1 superconnection on a singular space of the form X =X/G, whereX is a smooth closed Riemannian manifold and G is a closed subgroup of Isom(X). This section may be of independent interest. In Section 7 we prove the analogs of Theorems 2 and 3 in the case of a general limit space X. We then prove Theorem 5. Section 8 uses the compactness results to prove Theorem 6 and Corollaries 1-4. We then prove Theorem 7. More detailed descriptions appear at the beginnings of the sections After this paper was finished, I learned of the preprint [17] which, among other things, contains a proof of Corollary 4 in the case when X is smooth and M and X are oriented.
I thank Bruno Colbois for pointing out a mistake in an earlier version of this paper.
Examples
As for notation in this paper, if G is a group which acts on a set X, we let X G denote the set of fixed-points. If B is a smooth manifold and E is a smooth vector bundle on B, we let Ω * (B; E) denote the smooth E-valued differential forms on B. . If Γ is a lattice in N then the left-invariant forms on N push down to forms on Z = Γ\N, giving a subcomplex of Ω * (Z) which is isomorphic to Λ * (n * ). One knows that H * (Z; R) is isomorphic to the cohomology of this subcomplex [33, Corollary 7.28] . We see that the spectrum σ(△ n ) is contained in the spectrum σ(△ Z ) of the differential form Laplacian on Ω * (Z).
is a sequence of lattices in N with quotients
obviously converges to a point, with bounded sectional curvature in the collapse. We see that there are eigenvalues of △ Z i which are constant in i, namely those which come from σ(△ n ). By Proposition 1 below, the other eigenvalues go to infinity as i → ∞. If N is nonabelian then there are positive eigenvalues of △ Z i which are constant in i.
In terms of Theorem 2, B is a point, E * = Λ * (n * ) and A ′ = d ) = M/T k , the collapse being with bounded sectional curvature [14] . This collapsing is an example of the so-called adiabatic limit, for which the eigenvalues of the differential form Laplacian have been studied in [6, 20, 24, 31] . Let E be the flat "cohomology" vector bundle on M/T k with fiber H * (T k ; R). The results of the cited references imply that as ǫ → 0, the eigenvalues of △ M which remain finite approach those of the Laplacian on Ω * (M/T k ; E). In particular, the number of eigenvalues of the p-form Laplacian which go to zero as ǫ → 0 is a+b=p dim H a (M/T k ; E b )) , which is also the dimension of the E 2 -term of the Leray spectral sequence to compute H p (M; R). This is consistent with Theorems 6 and 7. Let A ′ ǫ be the superconnection on E coming from Theorem 2, using g
Example 3 : Suppose that M is the total space of an oriented circle bundle, with an S 1 -invariant Riemannian metric. Then lim k→∞ M/Z k = M/S 1 , the collapse obviously being with bounded sectional curvature. By Fourier analysis, one finds that as k → ∞, the spectrum of △ M/Z k approaches the spectrum of the Laplacian on S 1 -invariant (notnecessarily-basic) differential forms on M. In terms of Theorem 2, B = M/S 1 and E is the direct sum of two trivial R-bundles on B. Let T be the curvature 2-form of the fiber bundle M → M/S 1 . Then one finds that the Laplacian acting on
given by
Here ∇ E 0 and ∇ E 1 are product connections. This shows that the term A
are mutually nondiffeomorphic.
Infranilmanifolds
In this section we analyze the spectrum of the differential form Laplacian △ Z on an infranilmanifold Z. We first recall some basic facts about infranilmanifolds. In Proposition 1 we show that the orthogonal projection onto the parallel differential forms of Z comes from an averaging technique and so is independent of the choice of parallel metric on Z. In Proposition 2 we show that if Z has bounded sectional curvature and a diameter which goes to zero, then all of the eigenvalues of △ Z go to infinity except for those that correspond to eigenforms which are parallel on Z. The method of proof of Proposition 2 is to write a nilmanifold as the total space of a fiber bundle with torus fibers and nilmanifold base, and apply an induction argument.
Let N be a simply-connected connected nilpotent Lie group. Following [13] , when N acts on a manifold on the left we will denote it by N L and when it acts on a manifold on the right we will denote it by N R . As in [13] , let us recall the elementary but confusing point that the right action of N on N generates left-invariant vector fields, while the left action of N on N generates right-invariant vector fields.
There is a flat linear connection ∇ af f on N which is characterized by the fact that leftinvariant vector fields are parallel. The group Aff(N) of diffeomorphisms of N which preserve
Suppose that Γ is a discrete subgroup of Aff(N) which acts freely and cocompactly on N, with Γ ∩ N L of finite index in Γ. Then the quotient space Z = Γ\N is an infranilmanifold modeled on N. We have the short exact sequences
Then F is a finite group. There is a normal cover Z = Γ\N of Z with covering group F . The connection ∇ af f descends to a flat connection on T Z, which we again denote by ∇ af f . Let Aff(Z) denote the affine group of Z, let Aff 0 (Z) denote the connected component of the identity in Aff(Z) and let aff(Z) denote the affine Lie algebra of Z. Any element of Aff(Z) can be lifted to an element of Aff(N). That is, Aff(Z) = Γ\(N Γ Aff(N)), where
is the centralizer of Γ in Aff(N) and C(Γ) is the center of Γ. There is a short exact sequence
As affine vector fields on Z can be lifted to F -invariant affine vector fields on Z, we have
In particular, if n is the Lie algebra of N then F acts by automorphisms on n and aff(Z) = n
is isomorphic to the vector space of differential forms on Z which are parallel with respect to ∇ af f , or equivalently, to the (N L ×F )-invariant subspace of Ω * (N). Let g T Z be a Riemannian metric on Z which is parallel with respect to ∇ af f . Such metrics correspond to F -invariant inner products on n. Let diam(Z) denote the diameter of Z, let ∇ Z denote the Levi-Civita connection of Z and let R Z denote the Riemann curvature tensor of Z.
We will need a result about diameters. Suppose that Z = Γ\N is a nilmanifold, meaning that Γ ⊂ N L and F = {e}. Then Z is the total space of a fiber bundle Z → B with fiber C(Γ)\C(N) and base B = (C(Γ))\Γ)\(C(N)\N). Let diam(C(Γ)\C(N)) be the common diameter of the fibers, in the intrinsic metric.
Proof. We will prove the lemma by induction on dim(Z). It is obviously true if dim(Z) ≤ 1. If the lemma is not true in a given dimension then there is a sequence
in R + such that lim i→∞ ǫ i = 0 along with a sequence of nilmanifolds Z i = Γ i \N i of the same dimension with parallel Riemannian metrics such that
are uniformly bounded in i. The connected component of the identity Isom 0 (Z i ) of the isometry group of Z i is a torus T k i , where
. Taking a subsequence, we may assume that k i = k for some k > 0 and all 
) and Γ ′′ = π 1 (X), the latter being the orbifold fundamental group, the homotopy exact sequence of Z i → X gives a short exact sequence
Thus Γ ′ i and Γ ′′ are nilpotent. From Malcev's theorem [33, Chapter 2] , there is a short exact sequence of simply-connected connected nilpotent Lie groups
which is in fact a product.
Now the maximal dimension of a connected Lie group that acts on a K(π, 1)-manifold is rk(C(π)) [19, Theorem 5.6] , the group necessarily being a torus group. The orbifold extension of this result and the equivariance of r i gives
As the structure group of the fiber bundle r i : Z i → X lies in Aff(Z ′ i ), the restriction of r i to the torus C(Γ i )\C(N i ) has a product structure. That is,
with the metric being a priori a warped product. Then
Here by diam (C(Γ
we mean the maximal diameter of a fiber of the fiber bundle
From the induction hypothesis, there is an upper bound on diam (C(Γ
which is uniform in i. As there is a uniform upper bound on diam (Isom 0 (X) · p i ), equations (3.10) and (3.14) give a uniform upper bound on diam (C(Γ i )\C(N i )), which is a contradiction.
Example 4 :
The curvature bound in Lemma 1 is necessary. Consider a 3-manifold M which is the total space of a nontrivial oriented S 1 -bundle over T 2 . Then M is a nilmanifold. Give M a parallel Riemannian metric. For t ≥ 1, let g t be the metric rescaled by a factor of t in the fiber directions. Then as t → ∞, the length space (M, g t ) converges to M with the Carnot metric. In particular, diam(M, g t ) is bounded in t whereas the lengths of the fibers are unbounded as t → ∞. The sectional curvatures are unbounded as t → ∞.
F be orthogonal projection onto parallel differential forms.
Proposition 1. The orthogonal projection P is independent of the parallel metric g T Z .
Proof. We first consider the case when F = {e}, so that Z is a nilmanifold Γ\N. As N is nilpotent, it has a bi-invariant Haar measure µ. We normalize µ so that
Hence it makes sense to define
Thus ω is N L -invariant and, in particular, descends to a form ω ∈ Ω * (Z). Put P (ω) = ω. Then P is idempotent, with Im(P ) being the parallel differential forms. By construction, P is independent of the choice of g T Z . It remains to show that P is self-adjoint. Given η ∈ Ω * (Z), let η be its lift to N. Consider the function f : N × N → R given by
. It follows that we can write
where the action of
Thus P is self-adjoint.
In the case of general F , we can apply the above equivariantly on Z. As F acts isometrically on Z, it commutes with the orthogonal projection P on Z. As F preserves µ, it also commutes with the averaging operator P on Z. The proposition follows.
Proposition 2. There are positive constants
Proof. As Z isometrically covers Z with covering group F , the spectrum of △ Z on Ker(P) ⊂ Ω * (Z) is contained in the spectrum of △ Z on Ker(P) ⊂ Ω * ( Z). An elementary argument using minimizing geodesics in free-homotopy classes on Z gives
Furthermore, there is a universal bound |F | ≤ const.(dim(Z)). Hence without loss of generality, we may assume that F = {e} so that Z is a nilmanifold Γ\N.
Recall the definition of n [k] from (1.10). In particular, n [S] = c(n). Following the notation of [27, §6] we take an orthonormal basis
for the inner product on n such that e i ∈ n [O(i)] for some nondecreasing function
and
of T N, with dual basis of 1-forms
. Then the components ω
Let E i be exterior multiplication by τ i and let I i be interior multiplication by e i . Given η ∈ Ω * (Z), the Bochner formula gives
We can identify
Under this identification,
Proof. Let κ denote the scalar curvature of Z. We will show that
Using (3.24), the lemma will then follow. For a general Riemannian manifold, we have the structure equations
Then
This gives the Riemann curvature tensor as In our case, the components of the connection matrix are constant. Also, as n is nilpotent,
Then one finds
Separating ω i jk into its components which are symmetric or antisymmetric in j and k, and using (3.24), we obtain
As n is nilpotent, it follows that c We wish to show that the spectrum of 
and so we are reduced from considering △ Z to considering ∇ af f * ∇ af f . We have an orthonormal basis of c(n) given by {e i } i∈O −1 (S) , with a corresponding left-invariant Riemannian metric on the torus C(Γ)\C(N). There is a Riemannian submersion Z → B with base B = (C(Γ)\Γ)\(C(N)\N) and totally geodesic fiber C(Γ)\C(N). Furthermore, there is an infinite-dimensional Z-graded real vector bundle W on B such that Ω * (Z) ∼ Ω * (B; W ) [9, Section III(a)], with the property that a fiber W b of W isomorphic to Ω * (C(Γ)\C(N)). Let E be the finite-dimensional subbundle of W such that C ∞ (B; E) is isomorphic to the vertical differential forms on Z whose restrictions to the fibers are parallel. In fact, E is just the trivial bundle B × Λ * (c(n) * ), with a product metric. Let P be the orthogonal projection from Ω * (B; W ) to Ω * (B; E). From the proof of Proposition 1, P amounts to averaging over the action of the torus group C(Γ)\C(N). It follows that P commutes with ∇ af f and ∇ af f * . Then with respect to the decomposition Ω * (Z) = Im(P) ⊕ Ker(P),
Integrating over the fibers and the base, we have
Let us first consider a single fiber C(Γ)\C(N).
Hence it is enough to show that the smallest positive eigenvalue µ 1 of the Laplacian on
be the successive minima of the unit ball with respect to L and let {λ * i } k i=1 be the successive minima of the unit ball with respect to
The lemma follows.
Let diam(C(Γ)\C(N)) denote the common diameters of the fibers in the fiber bundle Z → B. From (3.39) and Lemma 3, it follows that for the operator (∇ af f )
Then from Lemma 1,
Therefore any eigenvector of (∇ af f ) * ∇ af f with eigenvalue less than
is in Im(P).
It remains to consider σ (∇ af f ) * ∇ af f Im(P)
. As
we have reduced the problem to understanding the spectrum of (∇ af f ) * ∇ af f on B. As the fiber bundle Z → B is a Riemannian submersion, diam(B) ≤ diam(Z). From Lemma 2 and the O'Neill formula [7, (9.29) ], it follows that R B ∞ ≤ const.(dim(Z)) R Z ∞ . Applying the above arguments to the nilmanifold B and iterating, we conclude that there are constants A, A ′ and C such that if
∞ must be parallel on Z with respect to ∇ af f . This proves Proposition 2.
Affine Fiber Bundles
In this section we construct the superconnection A ′ associated to an affine fiber bundle M → B. We prove Theorem 1, relating the spectrum of △ M to the spectrum of the Laplacian coming from A ′ . Let B be a smooth connected closed Riemannian manifold. Let E = ⊕ m j=0 E j be a Zgraded real vector bundle on B. For background information about superconnections, we refer to [5, Chapter 1.4], [8] , [9] and [32] . Let A ′ be a degree-1 superconnection on E. That is, A ′ is an R-linear map from C ∞ (B; E) to Ω * (B; E) with a decomposition
where
is a connection ∇ E on E which preserves the Z-grading.
We can extend A ′ to an R-linear map on Ω * (B; E) using the Leibniz rule. We assume that A ′ is flat, in the sense that
* be the adjoint superconnection with respect to h E and put
Then △ E preserves the total Z-grading on Ω * (B; E * ) and decomposes with respect to the grading as
and g
T B 2
are two Riemannian metrics on B and ǫ ≥ 0, we say that g Proof. As in [23, Prop. 3 .1], using a trick apparently first due to Cheeger, we can write the spectrum of △ E on Im(A ′ ) as
where V ranges over j-dimensional subspaces of Im(A ′ ). As the Riemannian metric and Euclidean inner product only enter in defining ·, · , the lemma follows as in [23] .
Let M be a closed manifold which is the total space of an affine fiber bundle, as in Definition 2. Let T H M be a horizontal distribution on M so that the corresponding holonomy on B lies in Aff(Z). There is an infinite-dimensional Z-graded real vector bundle W on B such that Ω
M gives a flat degree-1 superconnection on W . From [9, Proposition 3.4], we can write the superconnection as
where d Z is the vertical differential, ∇ W comes from Lie differentiation in the horizontal direction and i T is interior multiplication by the curvature 2-form
where d W is exterior differentiation on Ω * (B; W ) using ∇ W . There is a finite-dimensional subbundle E of W such that C ∞ (B; E) is isomorphic to the vertical differential forms on M whose restrictions to the fibers are parallel. The fibers of E are isomorphic to Λ * (n * ) F . Furthermore, the superconnection (4.8) restricts to a flat degree-1 superconnection A ′ on E. From (4.8),
where d n is the differential on Λ * (n * ) F and ∇ E comes from T H M through the action of Aff(Z) on Λ * (n * ) F . Acting on Ω * (B; E), we have
where d E is exterior differentiation on Ω * (B; E) using ∇ E .
Remark :
The connection ∇ E is generally not flat. As A ′ is flat, we have
Thus the curvature of ∇ E is given by Lie differentiation with respect to the (negative of the) curvature 2-form T . More geometrically, given b ∈ B, let γ be a loop in B starting from b and let h(γ) ∈ Aff(Z b ) be the holonomy of the connection T H M around γ. Then the holonomy of ∇ E around γ is the action of h(γ) on the fiber E b . In particular, the infinitesimal holonomy of ∇ E lies in the image of the Lie algebra aff(Z) in End(E b ). From the discussion after (3.3), aff(Z) lies in n R . As the elements of E b are N L -invariant forms on N, they are generally not annihilated by aff(Z).
Suppose in addition that M is a Riemannian affine fiber bundle, as in Definition 2. Then g T Z induces an L 2 -inner product h W on W and a Euclidean inner product h E on E. Let diam(Z) denote the maximum diameter of the fibers {Z b } b∈B in the intrinsic metric and let Π denote the second fundamental forms of the fibers. Proof of Theorem 1 : Let P be fiberwise orthogonal projection from Ω * (B; W ) to Ω * (B; E). We claim that P commutes with d
M . Looking at (3.16), P clearly commutes with d Z . Using the fact that the holonomy of T H M lies in Aff(Z), it follows from (3.16) and the proof of Proposition 1 that P commutes with ∇ W . As T takes values in parallel vector fields on Z, it follows from (3.16) and the proof of Proposition 1 that P commutes with i T . Thus P commutes with d M . As the fiberwise metrics are parallel on the fibers, it follows that P also commutes with d M * . Then with respect to the decomposition Ω
. Thus it suffices to show that there are constants A, A ′ and C as in the statement of the theorem such that σ △
We use the notation of [9, Section III(c)] to describe the geometry of the fiber bundle M. In particular, lower case Greek indices refer to horizontal directions, lower case italic indices refer to vertical directions and upper case italic indices refer to either. Let
be a local orthonormal basis of 1-forms as in [9, Section III(c)], with dual basis
and {e α } dim(B) α=1
. Let E R be exterior multiplication by τ R and let I R be interior multiplication by e R . The tensors Π and T are parts of the connection 1-form component ω 
Given η ∈ Ω * (M), the Bochner formula gives
Here
is, of course, the Levi-Civita connection on M. We can write
denotes covariant differentiation in the vertical direction and
denotes covariant differentiation in the horizontal direction. Then 
That is, we can define
Explicitly, with respect to a local framing,
Then from (4.21) and (4.22), 
|∇
T Z η| 2 (z) dvol Z b follows from Proposition 2.
Collapsing to a Smooth Base
In this section we prove Theorem 2, concerning the spectrum of the Laplacian △ M on a manifold M which is Gromov-Hausdorff close to a smooth manifold B. We prove Theorem 3, showing that the pairs (A ′ , h E ) which appear in the conclusion of Theorem 2 satisfy a compactness property. We then show in Proposition 5 that the eigenvalues of the Laplacian associated to a superconnection have a stability with respect to the superconnection. We use this to prove Theorem 4, relating the spectrum of △ M to the spectrum of the differentialform Laplacian on the base space B.
Proof of Theorem 2 :
For simplicity, we will omit reference to p. Let g
denote the Riemannian metric on M. From [23] or Lemma 4, if a Riemannian metric g
, is Jǫ-close to the spectrum computed with g T M 0 . We will use the geometric results of [13] to find a metric g
T M 2
on M which is close to g denote the new metric on M. We now apply [13, Theorem 2.6], with B fixed. It implies that there are positive constants λ(n) and c(n, ǫ) so that if
As in [27] , the Gauss-Codazzi equation, the curvature bound on M and the second fundamental form bound on f on M which is ǫ-close to g
T M 1
so that the fibration f : M → B gives M the structure of a Riemannian affine fiber bundle. Furthermore, by [13, Proposition 4.9] , there is a sequence {A
T M 2
are close in the sense that
where the covariant derivative in (5.1) is that of the Levi-Civita connection of g T M
2
. We now apply Theorem 1 to the Riemannian affine fiber bundle with metric g T M 2 . It remains to estimate the geometric terms appearing in (1.4). We have an estimate on Π ∞ as above. Applying O'Neill's formula [7, (9.29) ] to the Riemannian affine fiber bundle, we can estimate T The vector bundles E and Euclidean inner products h E which appear in Theorem 2 are not completely arbitrary. For example, E 0 is the trivial R-bundle on B. More substantially, if E is a real Z-graded topological vector bundle on B, let C E be the space of gradingpreserving connections on E, let G E be the group of smooth grading-preserving GL(E)-gauge transformations on E and let H E be the space of graded Euclidean inner products on E. We equip C E and H E with the C ∞ -topology. Give (
Proposition 3. In Theorem 2, we may assume that E is one of a finite number of isomorphism classes of real Z-graded topological vector bundles
/G E i depending on n, ǫ and K, such that we may assume that the gauge-equivalence class of the pair
Proof. As the infinitesimal holonomy of the connection T H M lies in aff(Z) = n F R , its action on n, which is through the adjoint representation, is nilpotent. Hence its action on Λ * (n * )
F is also nilpotent. Given b ∈ B, it follows that the local holonomy group of T H M at b acts unipotently on E b . Then the structure group of E can be topologically reduced to a discrete group and so E admits a flat connection. The dimension of E is at most dim(M) − dim(B). By an argument of Lusztig, only a finite number of isomorphism classes of real topological vector bundles over B of a given dimension admit a flat connection [28, p. 22] . This proves the first part of the proposition.
To prove the second part of the proposition, we will first reduce to the case F = {e}. Recall that Z is a nilmanifold which covers Z, with covering group F . Given g ∈ Aff(Z), we can lift it to some g ∈ Aff( Z). There is a automorphism α g ∈ Aut(F ) such that for all f ∈ F and z ∈ Z,
Considering the different possible liftings of g, we obtain a well-defined homomorphism Aff(Z) → Out(F ). Then there is an exact sequence
Then M is an affine fiber bundle which covers M, with the order of the covering group bounded in terms of |F |. To prove the proposition for M, it suffices to prove it for M and work equivariantly with respect to the covering group. Thus we assume that Z is a nilmanifold, with Γ ⊂ N L and F = {e}.
As the fiber of E j is Λ j (n * ), it suffices to prove the second part of the proposition for E 1 , with fiber n * . With respect to the lower central series (1.9) of n, put
. If we have an inner product on n then we obtain a vector space isomorphism
be the vector bundle on B associated to P with fiber v *
[k] . It acquires a Euclidean inner product h
Then V * is isomorphic to E 1 as a topological vector bundle. In this way, we have an isomorphism
where H V * consists of graded Euclidean inner products on the Z-graded real vector bundle V * and G V * consists of grading-preserving gauge transformations of V * , while C ug V * consists of connections on V * which do not necessarily preserve the grading. Let C V * be the space of connections on V * which are grading-preserving with respect to (5.5). Let End > (V * ) be the endomorphisms of V * which are strictly upper-triangular with respect to (5.5). As Aff(Z) preserves the lower-central-series filtration of n, its action is lower-diagonal with respect to (5.4). Then the holonomy of ∇ E 1 is upper-triangular with respect to (5.5), so we may restrict our attention to connections on V * which lie in C V * ⊕ Ω 1 B; End > (V * ) . We will show that there is a compact subset of
in which we may assume that the gauge-equivalence of the pair ∇ E 1 , h
lies. We can then map the compact subset into (C E 1 × H E 1 ) /G E 1 .
As the local holonomy of E 1 comes from an N R -action, it factors through the coadjoint action of N on n * . Letting 
such that we may assume that the gaugeequivalence class of the pair ∇
. For simplicity of notation, fix k ∈ [0, S] and let E denote V *
[k] . Let F E be the space of flat connections on E, with the subspace topology from C E . We will show that there is a compact subset of (F E × H E )/G E in which we may assume that the gauge-equivalence class of the pair ∇ E , h E lies. Then the claim will follow from mapping the compact subset into
Let E be the lift of E to the universal cover B of B. Fix a basepoint b 0 ∈ B with projection b 0 ∈ B, and let E b 0 be the fiber of E over b 0 . Then a flat connection ∇ E gives a trivialization
Then a Euclidean inner
product h E on E can be identified with a Euclidean inner product h E on E which satisfies
for all γ ∈ π 1 (B, b 0 ) and b ∈ B. In short, we can identify (F E × H E )/G E with the pairs ρ, h with R N , with the standard inner product h R N . If we put
then we have identified (F E × H E )/G E with X E /O(N). Let {γ j } be a finite generating set of π 1 (B, b 0 ). The topology on X E comes from the fiber bundle structure
whose fiber over ρ ∈ Hom(π 1 (B, b 0 ), GL(N, R)) is
Here Hom(π 1 (B, b 0 ), GL(N, R)) has a topology as a subspace of GL(N, R) {γ j } and the fiber (5.11) has the C ∞ -topology. Thus it suffices to show that ρ, h E lies in a predetermined compact subset C E of X E .
By [27, (1-7)], we may assume that we have uniform bounds on the second fundamental form Π of the Riemannian affine fiber bundle M, along with its covariant derivatives. As Π determines how the Riemannian metrics on nearby fibers vary (with respect to T H M), and h E comes from the inner product on the parallel differential forms on the fibers {Z b } b∈B , we obtain uniform bounds on h E −1 ∇ E h E and its covariant derivatives. In particular, we also have a uniform bound on h
For the finite generating set {γ j }, the equivariance (5.8) then gives uniform bounds on {ρ(γ j ) T ρ(γ j )} and hence on {ρ(γ j )}. Thus ρ lies in a predetermined compact subset of the representation space Hom(π 1 (B, b 0 ), GL(N, R)). Given ρ, the uniform bounds on the covariant derivatives of h E over a fundamental domain in B show that we have compactness in the fiber (5.11). As these bounds can be made continuous in ρ, the claim follows.
Fix a Euclidean inner product h
we can always perform a gauge transformation to transform the Euclidean inner product to h V * 0 . Let O V * be the orthogonal gauge transformations with respect to h
There is a singular fibration p : ). From what we have already shown, we know that we are restricted to a compact subset of
be the adjoint connection to ∇ E 1 with respect to h E 1 . The uniform bounds on h
derivatives give uniform C ∞ -bounds on the part of ∇ E 1 which does not preserve the metric
∈ Ω 1 (B; End(E 1 )). In particular, using the upper triangularity of ∇ E 1 , we obtain uniform C ∞ -bounds on the part of ∇ E 1 in Ω 1 B; End > (V * ) . As the bounds are uniform with respect to ∇ V * ∈ C V * /O V * , we have shown that there is a fixed compact subset of C V * × Ω 1 B; End > (V * ) × H V * /G V * in which we may assume that the
To summarize, we have shown that the topological vector bundle E 1 has a flat structure V * , with flat connection ∇ V * . We showed that there are bounds on the holonomy of ∇ V * which are uniform in n, ǫ and K. We then showed that h E 1 and ∇ E 1 −∇ V * are C ∞ -bounded in terms of n, ǫ and K. (More precisely, we showed that these statements are true after an appropriate gauge transformation is made.) The proposition follows.
Let S E be the space of degree-1 superconnections on E, with the C ∞ -topology. Proof. Let E be as in Proposition 3. As in the proof of Proposition 3, upon choosing h
Proposition 4. With reference to Proposition 3, there are compact subsets
. The fiber of p over a gauge equivalence class ∇ E is a+b=1 Ω a (B; End(E * , E * +b ))/G, where G is the group of orthogonal gauge transformations which are parallel with respect to ∇ E .
From Proposition 3, we know that we are restricted to a compact subset of the base (C E × H E )/G E ∼ = C E /O E . The superconnection on E has the form (4.10). We measure norms on Ω * (B; End(E)) using h E 0 . The differential d n comes from exterior differentiation on the parallel forms on the fibers of the Riemannian affine fiber bundle. Note that as A ′ is flat, d
n is parallel with respect to ∇ E . As we have a uniform (n, ǫ and K)-dependent bound on the curvatures of the fibers Z, the proof of Lemma 2 gives a uniform bound on the structure constants {c i jk } and hence a uniform bound on d n ∞ . The operator i T is also parallel with respect to ∇ E . From O'Neill's formula [7, (9.29) ], we obtain a uniform bound on i T ∞ . Thus we have uniform C ∞ -bounds on A ′ − ∇ E ∈ Ω * (B; End(E)) and so we have compactness in the fibers of p. As the bounds are uniform with respect to ∇ E ∈ C E /O E , the proposition follows.
Propositions 3 and 4 prove Theorem 3. We will need certain eigenvalue estimates. Let E be a Z 2 -graded complex topological vector bundle on a smooth closed manifold B. Let S E be the space of superconnections on E, let G E be the GL(E)-gauge group of E and H E be the space of Hermitian metrics on E. Fix a Hermitian metric h E 0 ∈ H E . Given a pair A ′ , h E ∈ S E × H E , we can always perform a gauge transformation to transform the Hermitian metric to h E 0 . Let U E be the group of unitary gauge transformations of E with respect to h E 0 . Then we can identify
* be its adjoint with respect to h E 0 and put
be the j-th eigenvalue of △ A ′ , counted with multiplicity. It is U E -invariant. Equivalently, µ j is G E -invariant as a function of the pair (A ′ , h E ). Given X ∈ Ω * (B; End(E)), let X be the operator norm for the action of X on the
Then (5.15) and (5.16) imply that 20) or equivalently,
The minmax characterization of eigenvalues
where V ranges over j-dimensional subspaces of Ω(B; E), implies
An elementary calculation then gives 
Proof of Theorem 4 :
For simplicity, we will omit reference to p. In view of Theorem 2, it suffices to show that there is a positive constant D(n, ǫ, K) such that |λ j (B; E)
C be the complexification of E. As E admits a flat connection, there is a normal cover p : B → B with a finite covering group L so that p * E C is a trivial complex bundle
From Theorem 3, we may assume that the gauge-equivalence class of the pair (p
Choosing an isomorphism E = B×C N , let ∇ E 0 be the product connection on E and let h E 0 be the product Hermitian metric. The proof of Proposition 5 extends to the L-invariant setting on B. With an appropriate gauge transformation g ∈ G L E , we can transform
An elementary argument shows that l is continuous. Hence it descends to a continuous 
Basic Laplacian
In this section we construct differential-form Laplacians on a certain class of singular spaces, namely those of the form X =X/G whereX is a smooth closed Riemannian manifold and G is a closed subgroup of Isom(X). LetĚ be a G-equivariant vector bundle onX. We consider the space of basicĚ-valued forms Ω * basic (X;Ě). IfǍ ′ is a basic flat degree-1 superconnection onĚ, we construct the corresponding Laplacian △ E as an operator on Ω * basic (X;Ě). There are technical complications in the construction of △ E , due to the possible singularities of the quotient space X. Using Lemma 6, we show that △ E can be defined as a Friedrich's extension. We then give a more intrinsic formulation of △ E in terms of the quotient space X. We define a certain space Ω * abs (X; E) of "absolute" differential forms on X. In Proposition 7 we show that △ E can considered to be a densely-defined operator on Ω * abs (X; E). IfǍ ′ is in fact a basic flat connection onĚ, we define a further space Ω * str (X; E) of "stratified" differential forms on X. In this case, we show in Proposition 8 that △ E can also be constructed as an operator with domain Ω * str (X; E). In Proposition 9 we show that the cohomologies of the complexes Ω * (X; E), Ω * abs (X; E) and Ω * str (X; E) are all isomorphic to a certain sheaf cohomology group H * (X; E). LetX be a smooth connected closed Riemannian manifold on which a compact Lie group G acts isometrically on the right. Let g denote the Lie algebra of G.
The G-action partitionsX into smooth submanifoldsX [H] , where [H] runs over the conjugacy classes of closed subgroups of G, and wherex ∈X [H] if the isotropy subgroup Gx is in the conjugacy class [H] . This induces a stratification of the quotient space X =X/G as
However, there is another stratification of X introduced in [21] which is more convenient for our purposes. It keeps track of both the isotropy subgroup of a stratum and its normal data. We briefly review the setup of [21] . Consider pairs (H, V ) where H is a closed subgroup of G and V is a real representation space of H with no trivial subrepresentations, i.e. V H = {0}. There is a natural G-action on such pairs and the equivalence classes are called the normal orbit types [H, V ]. Given a pointx ∈X, the differentiable slice theorem says that there is a real representation space Wx of Gx so that a neighborhood ofx · G is G-diffeomorphic to Wx × Gx G. Put Vx = Wx/W Gx x . Then [Gx, Vx] is called the normal orbit type ofx. Given a normal orbit type α, puť
ThenX α is a smooth G-submanifold ofX. Let N be the set of normal orbit types α such thatX α is nonempty. For α ∈ N , put X α =X α /G, a smooth Riemannian manifold. Then X is stratified by {X α } α∈N . As G acts isometrically, we may assume that for each normal orbit type α = [H, V ], V has an H-invariant inner product. Let SV denote the corresponding sphere in V .
There is a partial ordering on normal orbit types given by saying that [
This induces a partial ordering on the strata of X, with α ′ ≤ α if and only if X α ′ ⊂ X α . We will use the partial ordering of strata in induction arguments.
Given a normal orbit type α, fix a representative (H, V ). Consider the diagonal inclusion of
Then there is a certain principal S α -bundle P α such thatX α = P α × Sα (H\G) and X α = P α /S α . Furthermore, there is a neighborhood ofX α inX which is G-diffeomorphic to the normal bundle
and a neighborhood N α of X α in X whose homeomorphism type is
j be a Z-graded real vector bundle onX. We assume that the action of G onX is covered by an action onĚ which preserves the Z-grading. Given x ∈ g, let X be the corresponding vector field onX and let i X be interior multiplication by X on Ω * X ;Ě .
Definition 4.
Put
We give Ω * basic X ;Ě the total Z-grading coming from the Z-gradings on Ω * X andĚ.
Let hĚ be a G-invariant graded Euclidean inner product onĚ. We obtain L 2 -inner products on Ω * G X ;Ě and Ω * basic X ;Ě be orthogonal projection. We remark that in general, given a smooth GinvariantĚ-valued form ω ∈ Ω * G X ;Ě , the projection P hor ω is defined on the union of the principal orbits ofX, but need not be defined on the singular orbits ofX.
Definition 5. LetĚ be a real G-vector bundle onX. A basic connection onĚ is a connection
∇Ě onĚ which is G-invariant and satisfies the property that for all x ∈ g, ∇Ěi X +i X ∇Ě equals Lie differentiation with respect to X on Ω * X ;Ě .
A basic flat connection is a connection which is both basic and flat. We wish to describe the set of basic flat connections onX in terms of a representation variety. To do so, we need the analog of the fundamental group ofX/G. Let X be the universal cover ofX, with projection q : X →X. Put
(6.6)
There is an exact sequence of groups
The corresponding homotopy exact sequence of spaces gives Proof. Given ρ ∈ Hom π 0 ( G), GL(N, R) , let ρ be the restriction of ρ to π 1 (X). Let
ThenĚ is a flat vector bundle onX. If g ∈ G, let g ∈ G be a lift of g to G. For v ∈ R n and x ∈ X, put
(6.9)
Then for γ ∈ π 1 (X),
which represents (γ
It follows that we have a well-defined action of an
Thus we have a well-defined action of G onĚ. As the representation ρ 0 factorizes through ρ, we see that the flat connection onĚ is basic. Conjugate representations ρ give gauge-equivalent basic flat connections.
Conversely, let ∇Ě be a basic flat connection on a rank-N G-vector bundleĚ. Putting E = q * Ě , there is a trivialization E ∼ = R n × X. The action of G onĚ lifts to an action of G on E. In this way we get a homomorphism ρ 0 : G → GL(N, R). As ∇Ě is basic, it follows that ρ 0 factors through a representation ρ : π 0 ( G) → GL(N, R). Taking into account the ambiguity in the trivialization of E, we obtain a well-defined conjugacy class of ρ.
Definition 6. A basic superconnection onĚ is a superconnectionǍ
′ onĚ which is Ginvariant and satisfies the property that for all x ∈ g,Ǎ ′ i X + i XǍ ′ equals Lie differentiation with respect to X on Ω * X ;Ě .
A basic superconnection onĚ restricts to a superconnection on Ω * basic X ;Ě . LetǍ ′ be a basic flat degree-1 superconnection onĚ and let Ǎ ′ * be its formal adjoint on Ω * G X ;Ě , or equivalently, on Ω * X ;Ě .
Lemma 5. The formal adjoint ofǍ
Proof. Given ω, ω ′ ∈ Ω * basic X ;Ě , we have
X ;Ě , the lemma follows.
Proof. From Lemma 5,
Hence it suffices to show that Ǎ ′ , P hor maps Ω * G X ;Ě to Ω * G,L 2 X ;Ě . Let β be the normal orbit type corresponding to the principal orbits. Then V β = 0 and S β = N H (G)/H. Let s β be the Lie algebra of S β . The union of the principal orbits inX iš
with quotient X β = P β /S β . LetĚ β be the restriction ofĚ toX β and letǍ ′ β be the restriction ofǍ ′ toĚ β . Let E β be the G-quotient ofĚ β , a vector bundle on X β such that
β is basic, it pulls back from a superconnection A ′ β on E β . Equivalently, there is an S β -equivariant vector bundle E β on P β and a basic superconnection A ′ β on E β which pulls back from A ′ β . As in [9, (4.8) ], there is an isomorphism 15) where the interior multiplication i z acts only on the first factor in Ω
τ is S β -invariant and for all z ∈ s β , i z τ = 0 (6.16) and Ω * basic
Let {e a } be a basis of s β and let Θ = a Θ a e a and Ω = a Ω a e a be the connection and curvature of the principal fiber bundle P β → X β . Let V a be the vector field on H\G corresponding to e a . As in [9, (4.9)], we can writeǍ
where under the isomorphism (6.16), the operators d
Thus it suffices to show that the operator i Ω maps Ω * G X ;Ě to Ω * G,L 2 X ;Ě . For this, it suffices to show that the curvature Ω of the fiber bundleX β → X β is square-integrable. We will do this by looking at the singularities of Ω near the nonprincipal orbits. Consider anyX α ⊂X with normal orbit type
Let r be the radial coordinate on ν α , let ν 1 α be the unit sphere bundle of ν α , i.e. . To leading order, Ω on N ǫ pulls back from Ω ′ and has a pointwise norm on N ǫ given by LetĚ α be the restriction ofĚ toX α . ThenĚ α is G-invariant and descends to a Z-graded real vector bundle E α on X α . Explicitly, C ∞ (X α ; E α ) ∼ = C ∞ X α ;Ě α G . We remark that dim(E α ) may not be constant in α. However, it is true that if α < α ′ then dim(E α ) ≤ dim(E α ′ ). The superconnectionǍ ′ descends to flat degree-1 superconnections {A ′ α } α∈N on the E α 's and the inner product hĚ descends to inner products h
Eα α∈N
on the E α 's. If β is the normal orbit type of the principal part ofX, define v : X β → R + to be the volume inX of the G-orbit corresponding to x ∈ X β . Define an inner product
X ;Ě , we obtain a collection of forms ω α ∈ Ω * basic X α ;Ě α α∈N by restriction to theX α 's and a collection of forms {ω α ∈ Ω * (X α ; E α )} α∈N by subsequent pushforward to the X α 's. We define elements of Ω * (X; E) to be collections which so arise. IfĚ is the trivial R-bundle onX, we denote Ω * (X; E) by Ω * (X). Let Ω * L 2 (X; E) be the L 2 -closure of Ω * (X; E), using the Riemannian metric on X β and h E . There is an isometric isomorphism between Ω * basic X ;Ě and Ω * (X; E), so we can think of △Ě basic as an operator △ E which is densely-defined on Ω * L 2 (X; E) with domain Ω * (X; E). We wish to describe △ E more directly on the stratified space X. The vector bundle E α extends to a vector bundle E α on X α , the closure of X α in X. If α < α ′ then there is an injection
Consider a collection of forms {ω α ∈ Ω * (X α ; E α )} α∈N . Fix a normal orbit type α = [H, V ] and consider the neighborhood N α of X α defined in (6.3). If α < α ′ then the topological vector bundle E α ′ , on X α ′ ∩N α , pulls back from E α ′ Xα under the projection X α ′ ∩N α → X α .
Let
be the fiberwise distance sphere around X α . If α < α ′ and r is the radial coordinate on V /H, we can write ω α ′ on X α ′ ∩ N α as (6.27) where for r > 0, we have
We define a space of forms Ω * abs (X; E) which we call the absolute forms. Definition 8. The forms {ω α ∈ Ω * (X α ; E α )} α∈N define an element of Ω * abs (X; E) if for α < α ′ , the forms ω 1 (r) and ω 2 (r) of (6.27) are smooth up to r = 0, ω 1 (0) = p * (I αα ′ (ω α )) and ω 2 (0) = 0.
We have the inclusion Ω * (X; E) ⊂ Ω * abs (X; E), as can be checked by pulling back toX and working on a tubular neighborhood N ǫ as in (6.21) . Define a quadratic form on Ω * abs (X; E) by 28) where β is the principal normal orbit type and the inner product is defined using the Riemannian metric on X β and h E . One can check that Q abs is finite on Ω * abs (X; E). Let Q be the restriction of Q abs to Ω * (X; E).
Proposition 7.
The quadratic forms Q and Q abs are closable in Ω * L 2 (X; E). In each case, the corresponding self-adjoint operator is △ E .
Proof. Using the isomorphism between Ω * (X; E) and Ω * basic X ;Ě , it follows from the definition of the Friedrichs extension that Q is closable and gives the self-adjoint operator △ E .
Taking closures with respect to the H 1 -norm
we have Ω * (X; E) ⊂ Ω * abs (X; E). Let f : [0, ∞) → [0, 1] be a smooth nonincreasing function which is identically one on [0, 1/2] and identically zero on [1, ∞) . Given a collection of forms {ω α } α∈N which define an element of Ω X α α∈N . For a given α, consider the ǫ-tubular neighborhood N ǫ ofX α described in (6.21).
where for r > 0, we haveω 1 (r),
The formω j is also G-basic and satisfies the conditions to become an element of Ω * (X; E), at least nearX α . Proceeding by induction over the strata, for each j ∈ Z + we can so construct an element of Ω * (X; E). As j → ∞, one can check that these elements of Ω * (X; E) converge to ω in H 1 ; we omit the details. Thus Ω * abs (X; E) ⊂ Ω * (X; E) and so Ω * abs (X; E) = Ω * (X; E). Hence the quadratic forms Q and Q abs have a common closure.
Remark : Another approach to define △ E is to first considerǍ ′ as a closed densely-defined Now supposeǍ ′ is a flat basic connection ∇Ě onĚ. Then each E α inherits a flat connection ∇ Eα . There is a sheaf E on X which assigns to an open set U ⊂ X the G-invariant covariantly-constant sections ofĚ over the preimage of U inX. If x ∈ X α then the stalk of E at x is E α x .
We define a subspace of Ω * (B; E) which we call the stratified forms.
Definition 9.
Referring to Definition 8, the forms {ω α } α∈N define an element of Ω * str (X; E) if they define an element of Ω * abs (X; E) and in addition, if α < α ′ then there is an ǫ > 0 such that ω 1 (r) and ω 2 (r) are constant in r for r ∈ [0, ǫ).
We remark that we are using the fact that the flat structure on E α ′ , over X α ′ ∩ N α , pulls back from the flat vector bundle E α ′ Xα in order to use the phrase "constant in r" in Definition 9.
Let Q str be the restriction of Q abs to Ω * str (X; E).
Proof. We first show that Ω * str (X; E) ⊂ Ω * (X; E). Given a collection of forms {ω α } α∈N which define an element of Ω restriction of the smooth projection map N ǫ →X α toX α ′ ∩ N ǫ . Thus {ω α } α∈N fit together to define an elementω ∈ Ω * basic X ;Ě ∼ = Ω * (X; E).
Taking closures with respect to the H 1 -norm, Ω * str (X; E) ⊂ Ω * (X; E). We now show that Ω * (X; E) ⊂ Ω * str (X; E). Given ω ∈ Ω * (X; E), letω j be as in (6.31) . Thenω j satisfies the conditions to become an element of Ω * str (X; E), at least nearX α . Proceeding by induction over the strata, for each j ∈ Z + we can so construct an element of Ω * str (X; E). As j → ∞, these elements of Ω * str (X; E) converge to ω in H 1 . Thus Ω * (X; E) ⊂ Ω * str (X; E) and so Ω * (X; E) = Ω * str (X; E). Hence the quadratic forms Q and Q str have a common closure.
Proposition 9. The cohomologies of d
E acting on Ω * str (X; E), Ω * (X; E) and Ω * abs (X; E) are all isomorphic to the sheaf cohomology H * (X; E).
Proof.
For Ω * str (X; E), this follows from the arguments in [35, §7] . In Proposition 7, for j ∈ Z + we defined a map from Ω * abs (X; E) to Ω * str (X; E), using (6.31). With reference to (6.30), put
Then one can compute thatω
Thus the map we constructed from Ω * abs (X; E) to Ω * str (X; E) is a chain homotopy equivalence. It follows that the cohomology of Ω * abs (X; E) is isomorphic to that of Ω * str (X; E), and similarly for Ω * (X; E).
Eigenvalue Bounds
In this section we use the results of Section 6 to prove the analogs of Theorems 2 and 3 in the case of a general limit space X. We then prove Theorem 5, giving eigenvalue bounds for the p-form Laplacian in terms of sectional curvature and diameter. The method of proof is to assume that there are no such bounds and use Gromov-Hausdorff convergence in the O(n)-equivariant setting, along with our eigenvalue estimates, to get a contradiction.
Let M be a smooth connected closed n-dimensional Riemannian manifold and let F M denote its frame bundle, the total space of a principal O(n)-bundle over M. Give F M the canonical Riemannian metric. LetX be a smooth connected closed Riemannian manifold on which O(n) acts isometrically on the right, with quotient X =X/O(n). We say that a fiber bundle F M →X is an equivariant Riemannian affine fiber bundle if it is a Riemannian affine fiber bundle which is O(n)-equivariant in the obvious sense. Givenx ∈X, letŽx be the fiber overx of the affine fiber bundle. For the applications, it will be sufficient to consider the case whenŽx is a nilmanifold Γ\N.
The basic Laplacian △ F M basic on Ω * basic (F M) is isomorphic to the Laplacian △ M on Ω * (M). Let F M →X be an equivariant Riemannian affine fiber bundle. LetĚ be the real Z-graded vector bundle onX whose fibers are isomorphic to the parallel differential forms on {Žx}x ∈X . It inherits a basic flat degree-1 superconnectionǍ
Let R F M be the Riemannian curvature of F M, letŤ be the curvature of the affine fiber bundle F M →X, letΠ be the second fundamental forms of the fibers {Žx}x ∈X and let diam(Ž) be the maximum diameter of the fibers. 
Proof. Let P be fiberwise orthogonal projection from Ω * (F M) to Ω * (X;Ě). From the proof of Proposition 1, P amounts to averaging over the nilmanifold fibers Γ\N of F M →X. Hence it preserves Ω * basic (F M) and descends to an operator from Ω * basic (F M) to Ω * basic (X;Ě) ∼ = Ω * (X; E), which we also denote by P. As in the proof of Theorem 1, it suffices to show that there are constants A, A ′ and C as above such that σ △ is bounded below by
Let △ F M be the Laplacian on differential forms on F M and let △ F M O(n) be the Laplacian on O(n)-invariant not-necessarily-basic differential forms on F M. Applying Theorem 1 to the Riemannian affine fiber bundle F M →X, we know that
and so
Using the notation of (4.13), let ω iαβ denote the curvature of the fiber bundle F M → M. A calculation gives that
with P hor d(I − P hor ) being the adjoint of the right-hand-side of (7.7). Then upon restriction to Ker(P), it follows that there for an appropriate constant C = C(dim(M)) > 0, the diagonal part of the operator in (7.6) has a spectrum which differs from that of d + d O(n)-action, let GĚ ,basic be the group of smooth grading-preserving O(n)-equivariant GL(Ě)-gauge transformations onĚ and let HĚ ,basic be the space of O(n)-invariant Euclidean inner products onĚ. We equip both SĚ ,basic and HĚ ,basic with the C ∞ -topology and (SĚ ,basic × HĚ ,basic )/GĚ ,basic with the quotient topology. Proof. We can go through the proof of Theorem 3 equivariantly, replacing π 1 (B, b 0 ) by π 0 ( G) and using Proposition 6. We omit the details. Given Y ∈ Ω * basic (X; End(Ě)), let Y be the operator norm for the action of Y on Ω * basic,L 2 (X;Ě). IfǍ
Proof. The proof is the same as that of Proposition 5, when changed to the equivariant setting.
Proof of Theorem 5 : 1. If it is not true that lim j→∞ a 1 n,p,j,K is always infinite then there are numbers n ∈ Z + , 0 ≤ p ≤ n, K ≥ 0, Λ > 0 and a sequence {M i } ∞ i=1 of connected closed n-dimensional Riemannian manifolds with diam(M i ) = 1 and R
By [13, Theorem 1.12] , for any ǫ > 0 there is a sequence {A k (n, ǫ)} ∞ k=0 so that we can find a new metric on M i which is ǫ-close to the old one, with the new metric satisfying
. Fix ǫ to be, say, 1 2 and consider
with the new metrics. From [23] or Lemma 4, we now have λ p,i (M i ) < e Jǫ Λ for a fixed integer J. As in [13, III.5], we can apply Gromov's convergence theorem in the equivariant setting to conclude that there are a smooth Riemannian O(n)-manifoldX and a subsequence of
. In particular, X is not a point. From Proposition 11, there are
on theĚ i 's so that for large i, λ p,j (M i ) is ǫ-close to λ p,j (X; E i ). From Proposition 12, after taking a subsequence we may assume that theĚ i 's are all isomorphic to a single O(n)-equivariant Z-graded real vector bundleĚ and that the pairs
converge, after gauge transformations, to a pair Ǎ ′ , hĚ . Then for large i, Proposition 13 implies that λ p,j (M i ) is 2ǫ-close to λ p,j (X; E), the j-th eigenvalue of the Laplacian △ E on a+b=p Ω a (X; E b ). In particular, for all j ≥ 0, λ p,j (X; E) ≤ e (J+2)ǫ Λ. However, as a consequence of Proposition 10, △ E p has a discrete spectrum, which is a contradiction.
As above, we can find a new metric g
. Fix ǫ to be, say, 1 2 and relabel the metrics {g
. From [23] or Lemma 4, we again have lim i→∞ λ p,j (M, g i ) = ∞. As above, by taking a subsequence, we can assume that there is an O(n)-manifoldX so that d
. In particular, dim(X) > 0. Also as above, taking a further subsequence, we can assume that there areĚ,Ǎ ′ and hĚ so that if λ p,j (X; E) < ∞ then for large i, λ p,j (M, g i ) is ǫ-close to λ p,j (X; E). Suppose that dim(X) ≥ p. As E 0 is the trivial R-bundle on X, there is an inclusion Ω p (X) ⊂ a+b=p Ω a (X; E b ). The Laplacian on Ω p (X) is unbounded and so λ p,j (X; E) < ∞. This contradicts the assumption that lim i→∞ λ p,j (M, g i ) = ∞. Thus dim(X) < p. Similarly, if Ω a (X; E b ) = 0 for any a and b satisfying a + b = p then △ E p is unbounded and we get a contradiction. Using the construction of E in terms of affineparallel differential forms and the finiteness statement of Proposition 12, the claim follows.
. Also as above, we can assume that there areĚ,Ǎ ′ and hĚ so that if λ p,j (X; E) < ∞ then for large i, λ p,j (M i ) is ǫ-close to λ p,j (X; E). As E 0 is the trivial R-bundle on X and dim(X) ≥ 1, there is an inclusion Ω p (X) ⊂ a+b=p Ω a (X; E b ). The Laplacian on Ω p (X) is unbounded and so λ p,j (X; E) < ∞. This contradicts the assumption that lim i→∞ λ p,j (M i ) = ∞. 
Small Eigenvalues
In this section we characterize the manifolds M for which the p-form Laplacian has small positive eigenvalues. We first describe a spectral sequence which computes the cohomology of a flat degree-1 superconnection A ′ . We use the compactness result of Section 7 to show that if M has j small eigenvalues of the p-form Laplacian, with j > b p (M), then M collapses and there is an associated flat degree-1 superconnection A ′ with dim(H p (A ′ )) ≥ j. We then use the spectral sequence of A ′ to characterize when this can happen, in terms of the topology of M. This is the content of Theorem 6. In Corollary 1 we give precise information about when one can have small eigenvalues of the 1-form Laplacian. In Corollaries 2-4 we look at the consequences of Theorem 6 in the case of collapse to a space X of dimension 0, 1 or dim(M) − 1. Finally, given an affine fiber bundle, in Theorem 7 we give a collapsing construction which produces a maximal number of small eigenvalues.
In the collapsing arguments in this section, we can always assume that the limit is either a smooth Riemannian manifold or the quotient of a smooth Riemannian manifold by an O(n)-action. At first sight the smoothness assumption may seem strange, as a general limit space of a bounded-sectional-curvature collapse only has a C 1,α -metric, or the quotient of such by an O(n)-action. The point is that we are interested in the case when an eigenvalue goes to zero, which gives a zero-eigenvalue of △ E in the limit. The property of having a zero-eigenvalue is essentially topological in nature and so will also be true for a smoothed metric. For this reason, we can apply smoothing results to the metrics and so ensure that the limit metric is smooth, or the quotient of a smooth metric by an O(n)-action.
Let B be a smooth connected closed manifold. Let E = ⊕ 
The spectral sequence for H * (M; R) gives H 1 (M; R) = H 1 (X; R) ⊕ Ker H 0 (X; H 1 (Z; R)) → H 2 (X; R) . = 0 then on a given fiber Z, there is a nonzero element of
. In particular, the map d n : Λ 1 (n * ) → Λ 2 (n * ) is nonzero. Then the dual map Λ 2 (n) Add vertical Riemannian metrics g T Z , parallel along the fibers, and a Riemannian metric g T B on B to give M → B the structure of a Riemannian affine fiber bundle. We will use Theorem 1 to make statements about the eigenvalues of the differential form Laplacian on M.
There is a vector space isomorphism n * ∼ = S k=0 r *
[k] . Define a number operator on n * to be multiplication by 3 k on r * [k] . Extend this to a number operator on Λ * (n * ) F and to a number operator N on the vector bundle E * over B. For ǫ > 0, rescale g T Z to a new metric g
T Z ǫ
by multiplying it by ǫ 3 k on r 
